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ABSTRACT
Turbulent jets are of great engineering importance and are often used for mixing effluents with the
ambient and disperse them safely.  They are also used to dissipate excess energy of flow, for
flocculation in water treatment plants, cleaning of gravel beds of rivers for fish spawning, cooling
surfaces, heating and ventilation of buildings, etc. The mean velocity distribution in jets satisfies
self-similarity and the flow field of the jet is analyzed in two distinct ways for the developing and
the fully developed regions.  Integral techniques are in vogue to predict the decay of the maximum
velocity, the volume flux and the dilution of effluents.  Based on Reichardt’s hypothesis of momentum
transfer, a new point-source method has been developed to provide the necessary theoretical
framework and has been applied to many types of jets. The present investigation compares and
contrasts the results of the point-source method and the CFD simulation for different types of
turbulent jets.  The simple point-source technique is capable of predicting the decay of the maximum
mean velocity quite accurately in consonance with the results of the CFD simulation.  Additional
features like the self-similarity of the mean velocity and the growth rate of jets obtained from
CFD simulation are compared with the available classical results.
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INTRODUCTION
Flows produced by momentum and buoyancy
sources are known as jets and plumes. Emissions
from smokestacks and cooling towers, sewage
discharge from marine outfalls, volcanic eruptions,
thermal effluents from power stations, etc are
examples of jets and plumes. For assessing their
impact a-priori and control their adverse impact
on the environment it is essential to predict the
path and the mixing of jets and plumes.
The early theoretical works of Tollmien in 1926,
and Goetler in 1942, were based on Prandtl’s
mixing length hypothesis and the eddy viscosity
model, respectively. The experimental
measurements on circular jets provided by Trupel,
and Reichardts  played a significant role in

validating the theoretical distribution of the mean
velocity.1

The momentum flux of the jet in the direction of
flow is conserved for a zero pressure gradient
ambient.  The velocity decay relationship has been
arrived at from the momentum conservation
principle by integrating numerically the velocity
distributions derived by Tollmien and Goetler.2

Experimentally it has been observed that the
velocity distribution is Gaussian and satisfies self-
similarity.
The approach of using an assumed velocity profile
in the momentum conservation equation is known
as the integral technique.  The final results for
the decay of the maximum velocity and
concentration from the integral technique are not
that sensitive to the shape of the profile used in
the conservation equation. Therefore, it is quite*Author for correspondence
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pragmatic to assume the distribution as Gaussian
as the mathematical operations become simpler.
The Gaussian distribution has been described in
literature in different forms and the one that is
used most is described by
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where u is the mean velocity at the radial distance
r, um is the value of u on the axis of the jet and bg
is a length scale representing the radial distance
from the axis where u = um/e.
The turbulent closures used in the theoretical
formulation have been the simple entrainment
hypothesis, or the more sophisticated Reynolds
stress transport models.  Other variations of the
simple turbulent closure include Prandtl’s new and
old hypothesis, and Reichardt’s momentum
transport hypothesis.3 The solution based on
momentum transport hypothesis enjoys certain
advantages, especially in superposing momentum
flux from multiple sources.  The ‘point-source’
method is an off-shoot of Reichardt’s hypothesis
and has been applied to many types of jets.4

Published results deal with laboratory
measurements near the source of momentum, or
buoyancy and need to be interpreted properly
based on the basics of jets and plumes.
The present investigation compares and contrasts
the results of the point-source with those from
CFD simulation and the available experimental
data. Reichardt’s hypothesis linearizes the
governing equation of motion in terms of u2 and
its solution is included sans derivations.  The
equations used in the point-source method are also
presented and the decay of the maximum velocity
is shown in a graphical form.

MATERIAL   AND   METHODS
On integrating the equation of motion making use
of the continuity equation, the conservation
equation for a zero pressure gradient case reduces
to
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where  d is the diameter of the nozzle and U0 is
the jet velocity at the efflux section.

The decay law for um and the relationship for the
dilution S as a function of the distance x can be
derived by adopting any closure scheme.  The
two popular schemes are the spread relationship
(bg = βgx) and the entrainment hypothesis
(ve = α um). In the entrainment hypothesis of
Morton and Taylor, the entrainment velocity ve is
assumed to be proportional to the difference
between the centerline and the outer velocity.  For
a stagnant ambient this gives ve = α um, where α
is the entrainment coefficient.  It can be shown
that βg  = 2α and their values are determined from
experiments.
A commonly adopted value for βg = 0.114 and
that for α = 0.057.  Measurements show that the
diffusion of scalar quantities like the tracers and
temperatures result in a wider distribution
compared to the velocity profile. Therefore, the
concentration profiles are expressed as
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where the spread coefficient λ   1.2. Making
use of the experimental coefficients, the decay
of the maximum velocity and the centerline
concentration cm for circular jets are expressed
as
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and
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The centerline dilution S is the reciprocal of the
left hand side of the quantity appearing in Eq.(5).
Therefore, we can write
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d
xS  (6)

 The average dilution is nearly 1.7 times larger
than the centerline dilution given by Eq.(6).  Hence,
the average dilution is5 (Lee and Chu, 2003)
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It has been observed that after a short distance
from the efflux section, the jet loses its memory
about the geometric properties of the outlet and
the flow field of the jet depends on the source
momentum flux .
Reocjardt’s hypothesis
It was propounded by Reichardt (1943) that the
lateral transport of momentum is proportional to
the transverse gradient of the horizontal
component of momentum
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 is a length scale which is a linear function of
the distance x, U and V are the instantaneous
velocities in the x and y directions, respectively.
Based on Reichardt’s hypothesis, the equation of
motion for a circular jet has been recast as :
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Equation (9) is linear in 2U
If the specific momentum-flux distribution is
assumed to satisfy self-similarity, then
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where b is a characteristic length scale and the
similarity function ‘f ’ satisfies the conditions,
f = 1 for  = 0 and for  , f = 0.  With the
help of Eq.(10), the governing Eq.(9) was solved
(Abramovich,1963) for the instantaneous
momentum flux as :
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Neglecting the contributions of the fluctuating
velocity components, Eq. (11) can be rewritten in
terms of the mean velocity component ‘u’ as
follows
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Therefore, from the conservation of forward
momentum-flux, described in Eq.(2), the decay
of the maximum momentum-flux along the axis
of the jet is :
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Comparing Eqs.(1) and (12), it may be inferred
that both give a Gaussian distribution for u/um if
the length scale in the momentum-flux distribution
b = bg/2.  The length scales b, or bg need to be
found from experiments and it does not matter
which of the two is used in the analysis.
Point-source
If the area of the source in Eq.(13) is shrunk to
an elemental area ‘dA’, the variation of the
momentum-flux along the axis of the elemental
area can be written as
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The difference between Eqs.(13) and (14) is very
subtle, but the advantages that accrue from
Eq.(14) are phenomenal. Equation (14) will be
designated as the point-source equation and a large
number of new velocity decay relationships have
been derived based on the principle of
superposition.

Axisymmetric free jet

For an axisymmetric jet in a large expanse of
stagnant ambient, the pressure gradient is
negligible and the momentum conservation
equation holds good.  By assuming the distribution
of the mean velocity u as Gaussian, described in
Eq.(1), the widely used expression for the decay
of the maximum velocity can be found as
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The limitation of Eq.(15) is that it is valid only for
the fully developed zone,  that is x/d > 15.  At
present, we do not have a theoretical expression
for predicting the maximum velocity um in the
developing flow region of the jet.
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 In an alternate approach, the circular nozzle was
treated as an agglomerate of a large number of
point-sources.  By superposing u2 from each
elemental source of Eq.14, the variation of the
maximum momentum-flux on the axis of the jet
has been derived as4.
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where the spread coefficient c = 0.0565.   By
substituting the value of c in Eq.(16), the decay
of the maximum velocity can be written in the
following form
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For large values of x/d, higher order terms in the
series expansion of the exponential function in
Eq.(17) can be ignored, so that
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The two equations (15) and (18) are identical and
are valid in the fully developed region of the jet.
In contrast, Eq.(17) is valid throughout the
trajectory of the jet.  In a parallel development,
the CFD simulation does not distinguish between
the developing and the fully developed zone and
it will be interesting to compare the point-source
predictions with the simulation results.
Three dimensional free jet
 Let us consider a rectangular outlet of size 2L0 x
2B0 as shown in Fig.1.  On the basis of the point-
source results, given in Eq.(14), an analytical
solution was derived (Pani and Parameswaran,
1994) by superposing the momentum-flux of each
element of the outlet as
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where b = cx and c = 0.0565, which is the same
as for the axisymmetric jet.
For a square nozzle, L0 = B0 and Eq.(20) simplifies
to
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Fig. 1 : Definition sketch of a three dimensional free jet
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Plane free jet

For a plane jet, 0L  and Eq.(20) can be
reduced to a simpler form
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It is customary to use the total width of the slot b0
in the maximum velocity decay relationship of the
plane jet.  As B0 = b0/2 and c = 0.0565, Eq.(21)
can be recast in the following form
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By analyzing experimental data from different
sources the following expression has been
recommended for the fully developed region.
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An important advantage of Eq.(22) is that it is
valid for all x values, including the developing zone.
For large values of x/b0,  Eqs. (22) and (23) give
the same um/U0.
Simulation
CFD is a powerful predictive tool for assessing
the behavior of the flow for a set of prescribed
boundary conditions. Therefore, the results of
simulated flow give a deeper insight to the design

and operation of mixing in a jet. Of the many
available CFD softwares, FLUENT and Flow3D
are used in the present investigation by adopting
the standard κ-ε turbulence model.
The flow variables that have been analyzed from
CFD simulation are, self-similarity of the mean
velocity field, the growth rate of the half-velocity
width and the decay of the maximum velocity.
The decay of the maximum velocity, um, predicted
by the point-source is compared with the CFD
results and the observed data of free jets.

RESULTS   AND   DISCUSSION
Fig. 2 depicts the mean velocity distribution
obtained from CFD simulation of a circular jet
(water) having a diameter of 10 mm and an efflux
velocity U0 = 1.0 m/s.  The velocities in the fully
developed region of the jet satisfy self-similarity
and the normalized distribution is well
approximated by the Gaussian curve in
consonance with past experimental data.  The
predicted decay of the maximum velocity um is
shown in Fig. 3 based on different methods
namely, CFD simulation, the point-source
technique and the relationship given in Eq.(18),
which is based on many past experimental data.
Beyond 10  x/d  , there is very little difference
between the values from point-source method and
Eq.18, even though significant differences persist
for um when x/d is less than 10.  It is interesting to
see that the values predicted by the point-source
technique in the developing zone (x < 10d) are in
good agreement with the experimental results.

Fig. 2  : Self-similarity of velocity profiles of a
circular jet

Fig. 3 :  Decay of maximum velocity for a circular jet

r/b

u/
u m

x/d

u m
/U

o



957

Journal of Environmental Research And Development Vol. 5 No. 4, April-June  2011

The characteristic width of the round jet from
simulation varies linearly with the distance and
follows the relationship bg = 0.124x.  The spread
coefficient from the CFD simulation is significantly
higher than the experimentally observed value of

0.114.  Consequently, the simulated maximum
velocity decays faster compared to the
experimental values.
As a general case, the flow of water from a
rectangular outlet of size 20 mm wide and 10 mm

high is simulated for U0 = 1.0 m/s.  Results show
that it takes a much bigger downstream distance
for the flow to satisfy self-similarity and only at
sufficiently large x/d the distributions in the y and
z directions look alike.  The solid lines in the plots

of Fig. 4 represent the point-source solution and
are seen to be in agreement with the CFD
simulation results.
The decay of the maximum velocity umo/U0 with
the distance x/2B0 is depicted in Fig. 5 wherein

                Fig. 4 : Normalized velocity distribution of a three dimensional free jet

                      Fig. 5 : Decay of maximum velocity of a three dimensional free jet
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the results of point-source method and the CFD
simulation are very much the same for x/2B0
exceeding 15.  As in the case of the round jet,
significant differences persist in the developing
region of the jet.   The constant spread rates of
the jet in the y and z directions from the simulation
are both higher than the experimentally observed
value by approximately 15%.
For a plane free jet the simulated decay of the

maximum velocity and Eq.23 was found to be
good.  The principle of superposition can be
extended to a wall jet by treating the smooth wall
as a reflector of momentum and the decay of the
maximum velocity um can be derived from Eq.22
by substituting 2b0 for the width of the nozzle.
Therefore based on the point-source method, for
a plane wall jet.
The simulated results together with the results of

the point-source method and the mean
exper imental curve are shown in Fig.  6.
Notwithstanding the very good agreement between
the simulation and the point-source results, the mean
experimental curve gives marginally lower values

for the maximum velocity um.

For distances 010bx  ,  the mean velocity
distribution normal to the wall in Fig.7 satisfies
self-similarity and is akin to the classical wall jet

Fig. 6 : Decay of maximum velocity of a plane wall jet

Fig.7 : Self-similarity of mean velocity distribution in wall jets
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profile.  However, there is difference between
simulation and observed values like the half-width
b0.5 = 0.092 x from simulations, whereas the
average observed value is b0.5 = 0.068 x.  For
self-similarity, the thickness of the wall region
should be a constant fraction of the half width
b0.5 and it has been observed experimentally that

5.016.0 b .  In contrast, results from the CFD
simulation indicate 5.011.0 b .

CONCLUSION
From comparative study of the mean flow
features of jets from the standard κ-ε simulation
model and the point-source the following can be
concluded.
i. The self-similarity of the velocity distribution,

the linear spread of the jet and the decay of
the maximum velocity with x from CFD
simulation are generally in agreement with
past experimental observations.

ii. The maximum velocity decay predicted by the
point-source technique and the CFD
simulation are near ly the same in the
developed flow region of the jet.

iii. In the developing flow region, that is x smaller
than ten to fifteen times the nozzle width,
predictions based on the point-source lie
closer to the observed data.

iv. For all the cases investigated herein, the
spread rates from simulation runs are

significantly larger than the experimentally
observed values.

v. The accuracy of the point-source method of
predicting the lateral distribution of the mean
velocity u and the variation of the maximum
velocity um with distance x is close to that of
simulation models.

REFERENCES
1. Abramovich G. N., The theory of turbulent

jets, MIT Press, Cambridge, (1963).

2. Rajaratnam, N., Turbulent jets, Elsevier
Scientific Publishing Company, (1976).

3. Reichardt H., On a new theory of free
turbulence, J. Aeronautical Society, 47(2),
167-176, June (1943).

4. Pani, B. S. and Parameswaran, P. V.,
Momentum and heat flux characteristics f
three dimensional jets based on point source
concept, J. Hyd. Res., 32(1), 53-66,   (1994).

5. Lee J. H. W. and Chu V. H., Turbulent jets
and plumes: A Lagrangian approach ,
Kluwer Academic Publishers, 253-256,
(2003).

6. Anderson E. A. and Spall R. A., Experimental
and numerical investigation of two-
Dimensional parallel jets, J. Fluids Engrg.,
123(2), 401-406, (2001).


