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ABSTRACT 
In this paper the instability (fingering) phenomenon in double phase immiscible (oil and water) 
flow through homogeneous porous medium with mean capillary pressure in horizontal direction 
is discussed. The mathematical formulation of this problem yields a non linear partial differential 
equation and the generalised separable solution is given in the form of quadratic polynomial. 
The numerical solution and graphical presentation is given using MAT LAB coding. 
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INTRODUCTION 

When water is injected in oil saturated 
homogeneous porous medium in horizontal 
direction then oil is displaced by water of lesser 
viscosity and instead of regular displacement of 
the whole front, protuberance takes place which 
shoot through the porous medium at a relatively 
very high speed and oil will push towards 
production well. This phenomenon is called 
Instability or Fingering. Due to the difference in 
viscosities of the flowing fluids, this phenom-
enon has great importance in secondary recovery 
process of oil. Many researchers have discussed 
this phenomenon with different points of view. 
Brailovsky et al.1 formulated the non-linear 
evolution equation for water oil displace-ment 
front and studied it numerically. They have also 
discussed a way to control the unrestricted 
growth of fingers by injection of water not 
uniformly but rather during suitably distributed 
intervals of time. A.H.M. Faisal Anwar2 
discussed this phenomenon in air-liquid 
interfacial area in porous media using  mass  
transfer coefficients.Maher R.K.  and Mehta 
M.N.3 have obtained solution for saturation of 

injected water by exponential self similar 
technique. Patel K.R and Mehta M.N.4 have 
discussed fingering phenomena in homoge-neous 
porous media and given approximate solution in 
terms of power series. Vyas N.B. and Mehta 
M.N.5 discussed this phenomenon under the 
magnetic field effect and given power series 
solution for the saturation of water.  

AIMS AND OBJECTIVES 
In this paper, our main objective is to measure 
the saturation of injected fluid occupied by cross 
sectional area of schematic fingers of average 
length at any distance x for any time t > 0."  

MATERIAL AND METHODS 
Statement of the problem 
To understand this phenomenon of fingering, we 
consider the cross sectional area of actual 
formation of fingers in cylindrical porous media. 
The shape and size of fingers are different. 
Therefore for mathematical formula-tion, we 
consider average cross sectional area of the 
fingers by different size of rectangle as shown in 
Fig. 1.  In this present problem it is considered  
that there is a uniform water injection into an oil 
saturated   homogeneous   cylindrical    piece    of  *Author for correspondence 



J. Environ. Res. Develop. 
Journal of Environmental Research And Development             Vol. 8 No. 1, July-September 2013 

110 
 

porous medium   of   length L. The injected 
water shoots thr-ough the oil formation at 
common interface x = 0 (x being the direction of 
displacement) under the capillary pressure which 
gives rise to protuberance (fingers) as shown in 
Fig. 2. Cross sectional view of cylindrical porous 
matrix is shown in Fig. 3 which is rectangular in 
shape. The schematic representation of fingers is 

shown in Fig. 1. The saturation of the injected 
water is defined as average cross-sectional area 
occupied by the fingers in cylindrical porous 
media at common interface x=0. If the 
displacement processes are in x-direction with 
time t then saturation of the injected water is 
denoted by Sw(x,t). Our attempt is to stabilise the 
fingers with the help of mathematical solution. 

 
Fig. 1 : Schamatic representation of fingers at level x 

 
Fig. 2 : Formation of fingers in the cylindrical piece of porous media 

 
 
 
 
 
 
 
 
 

Fig. 3 : Cross sectional view of fingers 

Mathematical formulation 
For mathematical formulation, the following 
assumptions are made: 
i. Darcy’s law is valid for oil-water flow for 

law Reynolds number. 
ii. Macroscopic behavior of the fingers is 

governed by statistical treatment. 
iii. The average cross-sectional area occupied 

by the fingers considered by ignoring the 
shape and size of the fingers. 

Using Darcy’s law, the seepage velocity of 
water (Vw) and oil (V0) are 

w w
w

w

K PV K
x

              (1)  

o o
o

o

K PV K
x

             (2) 
Where K is the permeability of the 
homogeneous medium, Kw and Ko are relative 

 

Injected liquid (water) native liquid (oil) 
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permeabilities of water and oil which are 
functions of saturations Sw and So respectively, 
Pw and Po are pressure of water and oil, 
훿  푎푛푑 훿  are constant kinematic viscosity of 
water and oil respectively. 
The equation of continuity for native fluid and 
injected fluid when phase densities are 
considered as constants are given as  

0w wS VP
t x

            
       (3) 

0o oS VP
t x

               
  (4) 

Where P is the porosity of the medium. 
It is well known fact that sum of saturation of 
water and oil is fully saturated (Unity). 
Therefore from definition of phase saturation,  
 Sw+So=1 ,                (5)  
The capillary pressure (Pc) is defined as the 
pressure difference of the flowing phase across 
their common interface is a function of phase 
saturation. It may be written as  
Pc = Po – Pw,               (6) 
Pc = 훽푆  
where 훽 is constant,                                     (7) 
For definiteness of mathematical analysis we 
use standard relation between saturation of 
water, saturation of oil and relative 
permeability of water and oil, given by 
Scheidegger and Johnson are  

w wK S            (8) 
and  

1 1.11o o wK S S where                (9) 

If we choose 1  for definiteness then  
K0 ≈ S0=1-Sw  (SO+Sw=1)

 

The equation of motion for saturation is 
obtained by substituting by the values of Vw 
and Vo from equations (1) and (2) to the 
equations (3) and (4) respectively.  

푃
휕푆
휕푡

=  
휕
휕푥

퐾
훿

퐾
휕푃
휕푥

                        (10) 

푃
휕푆
휕푡

=  
휕
휕푥

퐾
훿
퐾
휕푃
휕푥

                          (11) 

On substituting value of Pw from (6) to (10), 
we get  

푃
휕푆
휕푡

=  
휕
휕푥

퐾
훿

퐾
휕푃
휕푥

−
휕푃
휕푥

        (12) 

From equation (5), 

휕푆
휕푡

+
휕푆
휕푡

= 0  
Substituting from (11) and (12) gives, 
휕
휕푥

퐾
퐾
훿

+
퐾
훿

휕푃
휕푥

− 퐾
퐾
훿

휕푃
휕푥

= 0(13) 

 On integrating, we get 

퐾
퐾
훿

+
퐾
훿

휕푃
휕푥

− 퐾
퐾
훿

휕푃
휕푥

= 퐶        (14)  

Where C is the constant of integration which 
can be evaluated later. 

On simplifying the above equation, we 
get 
휕푃
휕푥

=
퐶

퐾 퐾
훿 + 퐾

훿

+
휕푃
휕푥

1 + 퐾
퐾

훿
훿

            (15) 

From equations (12) and (15), 

푃
휕푆
휕푡 +

휕
휕푥

퐾
훿

휕푃
휕푥

1 + 퐾
훿 + 퐾

훿

−
퐶

1 + 퐾
퐾

훿
훿

= 0       (16) 

The oil pressure (Po) can be expressed as  

푃 =
푃 + 푃

2
+
푃 − 푃

2
=  푃 +

1
2
푃           (17) 

where 푃 is constant mean pressure. 
On differentiating the above equation with 
respect to x, we get the following equation. 
휕푃
휕푥

=  
1
2
휕푃
휕푥

                                                     (18) 
The concept of mean pressure is justified in 
the statistical treatment of fingering  
On substituting the value of   from (18) to 
(15), we get 
퐶

=  −
퐾
2

퐾
훿

−
퐾
훿

휕푃
휕푥

                               (19) 

On substituting value of C in equation (16), we 
get  

푃
휕푆
휕푡

+
1
2
휕
휕푥

퐾
퐾
훿

푑푃
푑푆

휕푆
휕푥

= 0   (20) 

On substituting value of Pc and Kw from 
equations (7) and (8) in the above equation, we 
get 
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푃
휕푆
휕푡 =  

훽
2
퐾
훿

휕
휕푥 푆

휕푆
휕푥                         (21) 

Choose dimensionless variables, 

푇 =  
퐾훽

2퐿 푃훿 푡          푎푛푑          푋 =  
푥
퐿              (22) 

Therefore, the equation (21) is converted to            
휕푆
휕푇 =  

휕
휕푋 푆

휕푆
휕푋                                       (23) 

The initial saturation of injected water will 
very small as parameter 휀. 
Hence, 
푆 (푋, 0) = 휀       where     휀 ≪ 1                (24) 
Also at common interface and at end, saturation 
of injected water will be dependent of time  
T > 0. 
Hence a set of boundary conditions will be 
푆 (0,푇) = 푆  (푇) ,         푇 > 0                         (25) 
푆 (1,푇) = 푆  (푇) ,         푇 > 0                         (26) 
Where 푆   푎푛푑 푆  are the saturations at x = 
0 and x = L respectively, L being the total 
length of the cylindrical porous matrix from 
common interface  x = 0.

 Generalised separable solution in form of 
quadratic in X                                                                               
Equation (23) can be rewritten as   
휕푆
휕푇 =  푆

휕 푆
휕푋 +

휕푆
휕푋                                    (27) 

Let the solution of (27) can be expressed as 
separable solution in quadratic in x be 

  푆 = ∅(푇)푋 + 훹(푇)푋 + 휏(푇)                       (28) 
Where the functions  ∅(푇), 훹(푇) and 휏(푇) 
are determined by a system of first order 
ordinary differential equations with variable 
coefficients as follows: 

∅′(푇) = 6∅  ⟹  ∅(푇) = −
1

6푇 + 퐶                 (29) 

훹 ′(푇) = 6∅훹 ⟹  훹(푇) =
퐶

6푇 + 퐶                   (30) 

휏′(푇) = 2∅휏 +  훹 ⟹  휏(푇)

=
−(퐶 )

4(6푇 + 퐶 ) +
퐶

(6푇 + 퐶 )
                             (31) 

Where C1, C2, C3  are constants of integration. 
Substituting the values of 
∅(푇),   훹(푇) 푎푛푑 휏(푇)  in  (28), 
푆

= −
1

6푇 + 퐶 푋 +
퐶

6푇 + 퐶 푋 +
−(퐶 )

4(6푇 + 퐶 )

+
퐶

(6푇 + 퐶 )
                                                         (32)    

Constants of integration  퐶  ,퐶  푎푛푑 퐶   can be 
obtained   using   conditions (24), (25) and (26)  

and substituting in (32),  the solution can be 
expressed as follows: 
푆

=
(−푋 + 푋){(푆 − 푆 )푋 + 푆 − 휀}

(푋 − 푋) + 6푇{(푆 − 푆 )푋 +  푆 − 휀}
+ 

{(푆 − 푆 )푋 + 푆 }                                   (33)      
Which is the required solution of governing 
equation (23) which represents saturation of 
injected water at any distance X for any time 
 T > 0. 

RESULTS AND DISCUSSION 
Numerical and graphical solution 
To find numerical values we have considered 
that the boundary conditions are linear 
functions of time. 
푆 (0,푇) = 푆  (푇)  = 푎푡,         푇 > 0                                
푆 (1,푇) = 푆  (푇) = 푏푡  ,       푇 > 0                             
Where a and b are constants. 
Here for numerical calculation we consider the 
following values: 
a = 0.1, b = 1, 휀 = 0.001 
Numerical and graphical presentations of 
equation (33) have been obtained by using MAT 
LAB coding. Fig. 4 and Fig. 5 shows the graphs 
of Sw Vs. X for time T = 0.5, 0.6, 0.7, 0.8 and 
Table 1 represent the numerical values.  
The solution 33 represents Saturation of injected 
water in horizontal direction for any distance X 
for any time T > 0. In this analysis we have 
assumed that the initial saturation at common 
interface is 휀, where 휀 ≪ 1 and it is physically 
fact that saturation of injected water will increase 
as distance increases at any time T > 0.  The 
boundary conditions are assumed as a linear 
function of time. The solution is in the form of 
quadratic polynomial in X and which satisfies 
both the boundary conditions (25) and (26) at X 
= 0 and at X=L which is parabolic solution. The 
saturation of water is increasing with respect to 
distance as well as with respect to time and it is 
consistent with physical phenomenon. This 
saturation represents saturation of fingers in 
horizontal direction which push oil from oil 
formation towards production well. The 
graphical representation and numerical values are 
given using MATLAB coding. 
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Table 1: showing saturation of injected water (Sw) for different Z for fixed T
        Time (T) 

 
 
 
Distance (X) 

0.5 0.6 0.7 0.8 

Saturation of injected water (Sw) 

0 0.0500 0.0600 0.0700 0.0800 
0.1 0.1300 0.1418 0.1561 0.1719 
0.2 0.2023 0.2174 0.2371 0.2593 
0.3 0.2667 0.2868 0.3129 0.3423 
0.4 0.3234 0.3500 0.3837 0.4210 
0.5 0.3723 0.4071 0.4492 0.4952 
0.6 0.4134 0.4580 0.5097 0.5650 
0.7 0.4467 0.5028 0.5649 0.6303 
0.8 0.4723 0.5414 0.6151 0.6913 
0.9 0.4900 0.5738 0.6601 0.7479 
1 0.5000      0.6000 0.7000 0.8000 

 
 

 
] 
 
 
 
 
 
 
 
 
 

Fig. 4 : Graph of saturation of injected water (Sw) Vs. depth (Z) for different time T > 0 

 
 
 
 
 
 
 
 

 

Fig. 5 : Graph of saturation of injected water (Sw) Vs. depth (Z) for fixed time T > 0 

CONCLUSION 
It is concluded that the saturation of injected 
fluid which is occupied by the average cross 
sectional area of the schematic fingers is inc- 

reases as distance X increases for T > 0 
which is physically fact in case of instability 
phenomenon. The graph of 푆  vs. X for any 
time T is steadily increasing and after some 
distance   X   for any  time T, it is likely to be  
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constant which concludes that the fingers 
maybe stabilized after some distance X in 
horizontal direction. 
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If all mankind were to disappear, the world would regenerate back to the 
rich state of equilibrium that existed ten thousand years ago. If insects 
were to vanish, the environment would collapse into chaos. 

Edward O. Wilson 

 


