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ABSTRACT 
One of the famous groundwater flow program is MODFLOW. It has been coupled with 
MT3DMS, by Guo et al. to develop a new program, i.e. SEAWAT, to enable variable-density 
groundwater flow simulation. In SEAWAT, prior coupling groundwater flow equation with 
solute transport equation, the governing equation of groundwater flow was modified. In the 
current work, the modified equation was discretized as in SEAWAT, and solved by Thomas 
algorithm (Direct method) in Microsoft Excel. A simple hypothetical case study was established 
from previous work by Goh and based on its input parameter default value and possible data 
range. This is followed by steady-state simulation and verification of the flow equation by 
analytical solution. Unsteady-state simulation was carried out to determine the sensitivity 
analysis on each parameter, i.e. hydraulic conductivity, porosity, water compressibility, porous 
material compressibility and water density. The sensitivity analysis was based on the time 
required for hydraulic head drawdown to recover to its original level. The current study found 
out that the parameters can be categorized into either linear or non-linear and either positive or 
negative relation.  

Key Words : Groundwater flow governing equation, Sensitivity analysis, Normalized 
sensitivity coefficient, MODFLOW, SEAWAT 

 
INTRODUCTION 

The governing equation of saturated 
groundwater flow 
The one-dimensional (1-D) mathematical 
expression of mass conservation on a 
Representative Elementary Volume (REV) in a 
porous medium is as following: 
− (휌푞⃑) + 휌̅푞 = ( )             (1) 
Equation (1) represents the accumulation rate 
of mass stored (right term) in the REV equals 
to the sum of mass fluxes due to advection 
(first term on the left) and sink or source 
into/out of the element due groundwater 
withdrawal or injection (second term on the 
left). Under the assumptions of: (1) change in 
porosity (휃) due to pressure of fluid (푃); (2) 
change in water density (휌) due to pore 
pressure (푃) and solute concentration (퐶); (3) 

axes alignment with principal permeability 
direction; (4) Darcy’s law in terms of 
equivalent freshwater head; and (5) other 
related assumptions and/or representation of 
equation’s term by placing equations relating 
to water and bulk porous material 
compressibility coefficients, etc. As a result, 
Equation (1) can be rewritten as following.1 

휌퐾 + = 휌푆 +

휃퐸 − 휌̅푞               (2) 
where: 훽, direction aligned with the principal  
directions of permeability (m); 휌, water 
density with solute concentration (kg.m-3); 휌 , 
freshwater density (kg.m-3); 퐾 , freshwater 
hydraulic conductivity in 훽-direction (m.s-1); 
ℎ ,freshwater head (m); 푧, elevation of the 
point of measurement above some datum (m); 
푆 = 푔휌 휉(1− 휃) + 휁 휃 , specific storage, *Author for correspondence 
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in terms of freshwater head (m-1); 휉, bulk 
porous material compressibility coefficient 
(kg-1ms2); 휁 , freshwater compressibility 
coefficient (kg-1ms2); 푔, gravity (ms-2); 휃, 
porosity (dimensionless); 푡, time (s); 퐶, solute 
concentration (kg.m-3); 퐸 = 휕휌 휕퐶⁄  
(dimensionless); 휌̅, sink/source water density 
(kg.m-3); 푞 , volumetric flow rate per unit 
volume of aquifer for sink/source (s-1). 
Equation (2) was implemented in SEAWAT 
source code that coupled with solute transport 
equation. 

AIMS AND OBJECTIVES 
This research article is a preliminary study on 
the implementation of saturated groundwater 
flow equation into Microsoft Excel and study 
on its parameters’ sensitivity. Simulation in 
Microsoft Excel would be an added advantage 
to user who is familiar with Microsoft Office 
rather than to learn saturated groundwater flow 
simulation in some other programming 
languages. The current work does not use the 
conventional equation, as in MODFLOW, 
because our long term research plan is to 
extend the saturated groundwater flow 
equation to couple with solute transport 
equation. Hence, applying Equation (2) would 
significantly reduce any further coupling effort 
with solute transport equation.  

MATERIAL AND METHODS  
Spatial and temporal discretization of the 
saturated groundwater flow equation 
By implementing block-centred finite-
difference scheme to approximate Equation 
(2), saturated groundwater flow equation was 
spatially and temporally discretized into the 
following form1: 
휌 , , 퐾 , , ∆훼 ∆훾 ℎ ( , , ) −

ℎ ( , , ) / 0.5∆훽 + 0.5∆훽 +

휌 , , 퐾 , , ∆훼 ∆훾
, ,

푧 , , −

푧 , , )/ 0.5∆훽 + 0.5∆훽 −
휌 , , 퐾 , , ∆훼 ∆훾 ℎ ( , , ) −

ℎ ( , , ) / 0.5∆훽 + 0.5∆훽 −

휌 , , 퐾 , , ∆훼 ∆훾
, ,

푧 , , −

푧 , , )/ 0.5∆훽 + 0.5∆훽 =

휌 , , 푆 ( , , )
( , , ) ( , , ) +

휃 , , 퐸
, , , , 푉 , , −

푞 , , 휌̅ , , 푉 , , + 푞 , , 휌 , , 푉 , ,       (3) 
where most of the parameters were similar, 
while some were modified and introduced into 
the equation. Those parameters were: ∆훼 , ∆훾  
and ∆훽  distance of cell (i,j,k) size in 훼-, 훾- 
and 훽-direction (m); 푉 , , , volume of the cube 
(i,j,k) (m3); 푞 , ,  and 푞 , ,  are injection and 
withdrawal of volumetric flow rate per unit 
volume of aquifer for sink and source (s-1), 
respectively.  
The scheme used in spatial discretization is 
central finite-difference, and for time 
discretization, it is backward finite-difference 
scheme. 휌 , ,  and 휌 , ,  were solved by 

upstream weighting scheme, while 휌 , ,  and 

휌 , ,  were solved using central-in-space 

weighting scheme. For hydraulic conductivity,  
K β , ,  and K β , , , harmonic mean was 

used. 
For 1-D groundwater flow model, there are 
only two boundary conditions, i.e., either on 
the left and right or top and bottom of the flow 
domain. Spatial discretizations were conducted 
separately on those boundaries. 
Input data of the saturated groundwater 
flow model 
Due to the significance of arsenic pollution on 
groundwater that has massively impacted 
millions of life in Bangladesh, any contribution 
of research would be worthwhile, whether 
directly or indirectly. Moreover, the result 
from the sensitivity analysis of each parameter 
on groundwater flow model would be a useful 
guidance to those field practitioners with 
interest on parameters that have significant 
influence in controlling flow of water in 
subsurface system. For this purpose, a site at 
Bangladesh was selected, i.e., Manikganj 
district. The site selection was due to largely 
available data from British Geological Survey2 
and the simplicity of the local lithology that is 
mainly dominated by fine sand. The current 
study reconstruct from the input data on 
parameter available from Goh3 who had done 
background literature study on available data 
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in Manikganj district. The input data are 
tabulated in Table 1. A more details input data 
on the site and/or other sites in Bangladesh is 
also available from Goh4. Other than the 
parameters’ value, as in Table 1, input data for 
model domain are homogeneous 10 cell-
centred grid size with ∆훼 = 1m, ∆훽 = 200m, 
and ∆훾 = 310m; and the model domain was 

placed horizontally in 훽-direction with a 
dimension of 2000m x 1m x 310m (Fig. 1). All 
the data were taken as homogeneous 
throughout the model domain. The viscosity of 
water was not included in the study because 
during the derivation of Equation (2), the 
coefficient was cancelled out by assumption 
made.

Table 1 : Input data for parameters in saturated groundwater flow model 

Parameter 
Input data 

Default 
value1 

Data range2 

Hydraulic conductivity, 퐾  (ms-1) 3.0093x10-4 1.3889x10-4 - 1x10-2 

Porosity, 휃 0.25 0.25-0.5 

Fluid compressibility, 휁  (kg-1ms2) 4.8x10-10 3.4839x10-10 – 5.0879x10-10 

Porous material compressibility, 휉 (kg-1ms2) 10-7 10-9 – 10-7 

Water density, 휌  (kg.m-3) 996.7421 993.9115 – 999.4139 

Gravity, 푔 (ms-2) 9.81 NA 
Note: 1Default value is the initial value for the parameter before subject to sensitivity analysis, as in Goh3. In 
Zheng and Bennett5, it is termed as base case.  2Data range is the minimum and maximum value used to limit the 
sensitivity analysis, as in Goh3. NA – use to indicate that the value is not available. 

 
 
 
 
 
 
 
 
 
 

Fig. 1 : Block-centred finite-difference used to construct the flow model domain. There are 10 
blocks 

Required data for steady-state simulation of 
initial condition  
The initial condition is normally retrieved from 
the field data and followed by simulation to fill 
up the missing data point on the model domain. 
Since, the current study is mainly retrieving 
information from published data, there is no 
concern of data on the model domain; thus, the 
boundary condition is the only concern for initial 
condition. By following the simulation condition 
of Goh3, the groundwater level was taken as 
300m, 10m below ground level. In order to allow  

sensitivity study on each parameter which stated 
in Table 1, time taken for a groundwater level 
(hydraulic head) recovery after a preset value of 
groundwater withdrawal, i.e. 1.0x10-7 ms-1, was 
chosen as a reference. The groundwater 
withdrawal was applied on fifth block, as            
in Fig. 1. 

RESULTS AND DISCUSSION 
Steady-state simulation and verification on 
saturated groundwater flow model  
The boundary condition was used in the 
steady-state simulation in order to obtain the 
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initial condition of the model. The first and 
second terms on the right side of Equation (2) 
were exempted, and then Equation (2) was 
discretized using block-centred finite-
difference solution. The discretized solution 
was then implemented in Microsoft Excel and  
solved with a direct solution of numerical 
method, i.e. Thomas algorithm. The steady-
state simulation was conducted instead of 
groundwater withdrawal on the fifth block, 
rather 1.0x10-7 ms-1 was implemented on each 
block in Fig. 1. This is to allow a simple 
analytical equation attainable by solving 
Equation (2). Under steady-state condition, 
Equation (2) can be simplified into the 
following form: 

휌퐾 = −휌̅푞          (4) 

By conducting integration twice on Equation 
(4) with respect to 훽, it gives the following 
form: 
휌퐾 ℎ = −휌̅푞 + 퐴훽 + 퐵      (5) 
where: 퐴 and 퐵 are equation constants which 
values depending on the initial condition. As in 
this case, these values are -0.09967421 and 
89.486515, respectively. Fig. 2 is showing the 
result from computational simulation of 
hydraulic head in comparison to hydraulic 
head calculated from Equation (5). In order to 
further strengthen the comparison, the 
goodness of fit between Analytical Solution 
(AS) and Simulated Result (SR) were 
calculated by the mean of residual errors (M), 
Variance of Residual Errors (VAR),  absolute 
residual errors (MA), and root mean of squared 

residual errors (RMS) based on the following 
equations5,6: 
푀 = ∑ (푆푅 − 퐴푆 )         (6) 

푉퐴푅 = ∑ [(푆푅 − 퐴푆 ) −푀]     (7) 

푀퐴 = ∑ |푆푅 − 퐴푆 |         (8) 

푅푀푆 = ∑ [푆푅 − 퐴푆 ]
/

       (9) 
The calculated results for M, VAR, MA and 
RMS are -2.00x10-5, 3.61x10-8, 2.00x10-5 and 
2.00x10-5. The M and MA value is same but 
different sign; it indicates that all the simulated 
results are under estimated than the analytical 
solution. The RMS value is different from the 
VAR value is indicating that the mean of residual 
errors (M) is considerably large to result in 
significant reduction in VAR value. 
The result from the goodness of fit is 
suggesting that the simulated result is almost 
identical to the analytical solution. Thus, it 
helps to verify the computational simulated 
result in Microsoft Excel that is using Thomas 
algorithm (direct method) as its numerical 
solution is reasonably accurate and reliable. 
The steady-state simulation was continued 
with similar input data with an exception of 
groundwater withdrawal, i.e. 1.0x10-7 ms-1, 
only applied on the fifth block of the model 
grid. The simulated result and the initial 
condition of hydraulic head drawdown are 
shown in Fig. 3. This result was used as the 
hydraulic head initial condition for unsteady-
state simulation to study sensitivity analysis of 
each parameter of saturated groundwater flow 
model. The comparison of numerically 
simulated hydraulic head, and analytical 
solution from Equation (5) 

 
Fig. 2 : Hydraulic head versus βj-direction 
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Fig. 3 : Hydraulic head versus βj-direction 

Unsteady-state simulation and sensitivity 
analysis on saturated groundwater flow 
model  
Equation (2) including its first and second 
terms on the right side was completely 
discretized spatially and temporally, i.e. 
Equation (3) in its final form, and similarly, as 
steady-state, Thomas algorithm was used to 
solve the equation. The unsteady-state 
simulation began by using the hydraulic head 
initial condition obtained from the steady-state 
simulation and also the default value (base 
case) as given in Table 1. The simulation 
result based on default value is shown in Fig. 
4(a), which requires 0.29 years to recover its 
hydraulic    head    (ground   water   level). By  

altering the input parameter value, the time 
taken to recover hydraulic head also varies. 
Among the five parameters subjected to 
sensitivity analysis, i.e. hydraulic conductivity, 
porosity, fluid compressibility, porous material 
compressibility and density; based on its data 
range, as in Table 1, by changing the hydraulic 
conductivity from its default value to 
1.3889x10-4 ms-1, it increased the recovery 
time from 0.29 (based on default value) to 0.57 
years which is the longest time among the 
parameters, Fig. 4(b). The input data of porous 
material compressibility is among the shortest 
time at 0.055 years of recovery time when the 
parameter value was taken at 10-9 kg-1ms2, as 
in Fig. 4(c). 

 
Fig. 4(a) : The unsteady-state simulation result. Based on default value (base case) with a time 

for groundwater level recovery was 0.29 years 
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Fig. 4(b) : The unsteady-state simulation result With a hydraulic conductivity of 1.3889x10-4 ms-1, 
which the default value was 3.0093x10-4 ms-1 and the time for groundwater level recovery was 0.58 

years 

 
Fig. 4(c) : The unsteady-state simulation result (c) With a porous material compressibility of 10-9 
kg-1ms2 which the default value was 10-7 kg-1ms2 and the time for groundwater level recovery was 

0.055 years. 

In general, results from sensitivity analysis can 
be divided into two groups. Dependent 
variable value (time to recover groundwater 
level) that increased with increasing input 
parameter value, which is termed as positive 
relation, while, dependent variable value that 
decreased with increasing input parameter 
value is termed as negative relation. The 
former relation is shown by water 
compressibility, porous material 
compressibility and water density, while the 
latter relation is shown by hydraulic 
conductivity and porosity (Fig. 5). These 
relations are consistent with the observation 

from Goh3 on sensitivity analysis on 
parameters of transport model in SUTRA 
2D3D.1, except for porosity relation that is the 
complete opposite from the current study. This 
contradiction could be explained by the 
boundary condition in the current study which 
applied a constant head boundary, rather than a 
constant inflow boundary on the previous 
study. This uncertainty provides an 
opportunity for further study. 
Apart from the positive and negative relations, 
as discussed, the dependent variable value 
responded to input parameter value either 
linearly or non-linear. Non-linear relation is 
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shown by hydraulic conductivity and porous 
material compressibility, as in Fig. 5(a) and 
Fig. 5(d), respectively. Each graph of the 
parameters was fitted by equation which gives 
the lowest R-squared value. The immediate 
sign of slope value from the linear graph is 
indicating either positive or negative relation, 
while the slope value itself is indicating the 
amount of time change in a unit change of the 
parameter, as in Fig. 5(b), Fig. 5(c) and            
Fig. 5(e). Although this is useful for 
comparing the magnitude of influence of 
parameter on dependent variable, it is not a 
useful tool to compare between parameters 
because of a unit change in a parameter from 
its default value, for each parameter, is not a 
justifiable approach; since certain parameters, 
i.e. porosity, water compressibility, hydraulic 
conductivity and porous material 
compressibility, do not exceed unity, except 
water density, in the current study. Moreover, 
a unit change in a parameter has a different 
percentage variation from its default value, for 
instance, 400 % from porosity default value, 
while only 0.1 % from water density default 
value. Hence, a solution to this problem as 
discussed by Zheng and Bennett5 is to 
normalize the slope value by the input 
parameter value, as following :  
푋 , =                            (10) 

where: 푋 ,  is sensitivity coefficient of the 
model dependent variable 푦 with respect to the 
푘th parameter at the 푖th observation point 
normalized by the 푘th parameter at its default 
value. However, in the current study, Equation 
(10) is further modified to the following form 
in order to indicate the change of time to 

recover groundwater level due to 1 % change 
of input parameter, which we think is more 
accurate than the previous equation: 
푋 , =

×
                        (11) 

The result of calculation from Equation (11) is 
tabulated in Table 2. While the negative sign 
of the last column of the table is similarly 
indicating the type of relation either positive or 
negative relation, a single value for each 
parameter, i.e. porosity, water compressibility 
and water density, is indicating linear relation 
at various input parameter values. The 
variation of sensitivity coefficient on hydraulic 
conductivity and porous material 
compressibility is a result of its non-linearity 
relation between recovery time and input 
parameter value. In addition, it is important to 
note that the absolute value of each parameter, 
by ignoring its sign, is indicating the recovery 
time change due to 1 % change in parameter 
value from its default value. From the Table 2, 
it is obvious that parameters with a range on its 
sensitivity coefficient value is behaving 
differently from the parameters that with a 
single coefficient value, and it must be 
compared at specific point of observation; for 
instance, the upper limit of hydraulic 
conductivity input parameter value was 
showing a lower magnitude of sensitivity 
coefficient, 4.16x10-6 years/%, than porosity, 
6.37x10-4 years/ %, while at the lower limit of 
hydraulic conductivity it was showing a 
greater magnitude of sensitivity coefficient, 
4.99x10-3 years/ % than porosity. Refer to    
Fig. 6 for an overall comparison of sensitivity 
coefficient of input parameters of saturated 
groundwater flow model as for Equation (2). 
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(c) 

 
(d) 

 
(e) 

Fig. 5 : The relation of time taken to recover for hydraulic head and : (a) hydraulic conductivity; 
(b) porosity; (c) fluid compressibility; (d) porous material compressibility; and (e) water density 

Table 2 : Sensitivity analysis results of each parameter of saturated groundwater flow 
model 

Input parameter *Percentage change from 
default value (base case), (%) 

#Sensitivity coefficient, 
(year/%) 

Hydraulic conductivity -53.8 to 3223.0 -4.99x10-3 to -4.16x10-6 
Porosity 0.0 to 100 -6.37x10-4 
Water compressibility  -27.4 to 6.0 2.90x10-6 
Porous material compressibility  -99.0 to 0.0 4.71x10-3 to 1.81x10-3 
Water density  -0.3 to 0.3 1.99x10-3 

*The values range was calculated from the upper and lower limits of the data range, as in Table 1. #The sensitivity 
coefficient is calculated from Equation (11). 

 
Fig. 6 : Sensitivity coefficient (year/%) versus percentage change from base case (%) 
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CONCLUSION 
The current work shows the governing equation 
of saturated groundwater flow was successfully 
discretized by finite-difference approach and 
numerically solved by Thomas algorithm in 
Microsoft Excel. The boundary condition and 
initial condition were also successfully handled 
and the steady-state simulation was verified by 
analytical solution through its goodness of fit. In 
unsteady-state simulation in the presence of 
groundwater withdrawal which was used to 
study the sensitivity of each parameter on the 
time taken for groundwater level to recovery to 
its original water level after a withdrawal has 
revealed some important relations: i.e. positive 
and negative relation; and linear and non-linear 
relation. Those with positive relations are water 
compressibility, porous material compressibility 
and water density, while those negative relations 
are hydraulic conductivity and porosity. Of all 
these parameters, only hydraulic conductivity 
and porous material compressibility showed non-
linear relation, others showed linear relation. Due 
to the linear and non-linear relation of the 
parameter, some parameters seems more 
sensitive than the others at particular point of 
observation, while less sensitive at other 
observation point.  

RECOMMENDATIONS 
The current work is able to determine the 
normalized sensitivity coefficient (years/%), but 
in order to allow meaningful comparison 
between different input parameters, the input 
parameters should be varied base on a preset 
percentage from its default value, for instance,  

10% forward and backward. The current work is 
unable to address this problem because of 
unavoidable data range limit collected from 
previous study, as discussed. This will be an 
important consideration for future research. 
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   Environment should be put 
in the category of our 
national security. Defense 
of our resources is just as 
important as defense 
abroad. Otherwise what 
will remain there to 
defend? 

                Robert Redford 
 


