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ABSTRACT 
Powel Ciompa exercised first time the term of multicollinearity in around 1910 but Frish in 1934 
invented the term multicollinearity in his work Confluence Analysis as known today. The 
problem of multicollinearity in regression analysis is essentially a lack of sufficient information 
in the sample to permit accurate estimation of individual parameter. Hoerl and Kennard in 1970 
proposed a popular tool of Ridge Regression (RR) for estimating the regression coefficients in 
case of correlated explanatory variables. They proposed R̂ = ( XX   + k I) 1 YX  in lieu of ̂  = 
( XX  ) 1 YX   for the estimate of parameter vector, . In the presence of multicollinearity RR 
technique provides better estimate of regression coefficients. This technique presents biased 
estimate having a smaller Mean Square Error (MSE) than the Ordinary Least Squares (OLS) 
estimator. This paper presents and applies the technique of RR for the estimation of the 
regression coefficients when explanatory variables are correlated.  
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INTRODUCTION 
Singh1 discussed that perhaps Powel Ciompa 
first used the term Econometrics in something 
like 1910, although the credit is given to R. 
Frisch for coining the term in around 1926 and 
for establishing it as a subject in the sense in 
which it is known today. Multicollinearity may 
arise in any study coping with several 
explanatory variables. In this situation the usual 
procedure of OLS is not applicable because of 
the existence of multicollinearity. Johnson, 
Reimer and Rothrock resorted to a symptomatic 
definition : Multicollinearity is the name given to 
general problem which arises where some or all 
of the explanatory variables in a relation are so 
highly correlated one with another that it 
becomes very difficult, if not impossible to 
disentangle is their separate influence and obtain 
a reasonably precise estimate of their relative 
effects. 
The traditional solution is to collect more data 
or to drop one or more variables. Collecting 
more data may often be expensive or not 
practicable in many situations and to drop one  

or more variables from the model to alleviate 
the problem of multicollinearity may lead to 
the specification bias and hence the solution 
may be worse than the disease in certain 
circumstances. In this situation, one may be 
interested to squeeze out maximum 
information from whatever data one has at 
one’s possession and this interest has 
motivated the researchers to develop some 
very creative statistical methods namely Ridge 
Regression (RR), principal component 
regression, generalized inverse regression, 
partial least squares regression, dynamic 
programming and others. These could 
fruitfully be applied to solve the problem of 
multicollinearity. This paper looks into RR 
only to solve the problem of   multicollinearity.  
Singh2 discussed that Hoerl and Kennard in 
1970 proposed the technique of RR and they 
suggested adding a small positive quantity in 
the diagonal elements of the design matrix, 

XX   before inverting it. In other words, they 
proposed R̂ = ( XX   + k I) 1 YX  , where R̂ is 
a ridge estimate of the parameter vector,  and 
k, a biasing parameter (or ridge parameter), is 
a scalar.  He then illustrated that  Tychonoff  in  *Author for correspondence 

©JERAD  All rights reserved



J. Environ. Res. Develop. 
Journal of Environmental Research And Development          Vol. 8 No. 3A, January-March 2014 

727 
 

1943 proposed x̂ = ( AA  +  ) 1
̂A  . This is 

popularly known as Tikhonov Regularization 
(TR) and the most common used regularization 
for the ill-posed problems. In Statistics, TR is 
also known as RR. Singh3 thrashed out that 
Anders in 2001 found that RR is an application 
of TR, a method that has been explored in the 
approximation theory literature for about as long 
as RR has been used in Statistics. He then 
concluded giving credit of invention of RR to 
Tychonoff only because Hoerl expounded the 
finite dimensional case only of TR under 
statistical approach, while Tychonoff’s TR is a 
general case and invented in 1943 prior to 1970.  
Multicollinearity and its detection  
The matrix approach to the Classical Linear 
Regression (CLR) model is as  
Y = X  + U          (1) 
Y = n x 1 column vector on the dependent 
variable  
X = n x m matrix giving n observations on     m – 
1 variables from X

2
to X m , the first column of 

1’s representing the intercept term  
 = m x 1 column vector of unknown parameters  
U = n x 1 column vector of disturbances  
Frisch was the first researcher to seriously study 
the multicollinearity problem and he defined the 
term multicollinearity. Multicollinearity may 
present in the data under study with two or more 
explanatory variables. Explanatory variables 
having covariance zero are orthogonal and there 
is no problem concerning the estimates of the 
coefficients, at least so far as multicollinearity is 
concerned. If goal is simply to predict Y from a 
set of X variables, then multicollinearity is not a 
problem. Gujarati4 discussed that as long as 
multicollinearity is not perfect, estimation of 
regression coefficients is probable but estimates 
and their standard errors turn into very sensitive 
to even the slightest change in the data. Broadly 
interpreting, multicollinearity refers to the 
situation where there is either an exact or 
approximately exact linear relationship among 
the X variables.  
Goldberger coined the term micronumerosity, 
which simply means small sample size and it 
occurs due to the violation of assumption of 
number of observations in the sample greater 
than    the   number    of    explanatory   variables.  

According to him, exact micronumerosity, which 
is the complement of exact multicollinearity, 
arises when n, the sample size, is zero, in which 
case of any kind of estimation is impossible. 
Near micro-numerosity like near 
multicollinearity, arises when the number of 
observations scarcely exceeds the number of 
parameters to be estimated. Some authors are 
regretting about the lack of attention given to the 
sample size problem than the excessive attention 
to the multicollinearity problem. Unfortunately, 
in applied work involving secondary data, a 
researcher may not have much to do with size of 
the sample data and may have to face estimating 
problems as a violation of CLR model.      
For mth eigenvalue m  0 and MSE ( ̂ ) tends 
to infinity, ̂  is subject to vary large variance as 
compared to MSE ( R̂ ). Often this reveals the 
low values of the usual t - ratio whose 
denominator has the square root of the diagonal 
elements of ( XX  ) 1 . Marquardt termed it in 
1970 as variance inflation factor (VIF) and 
suggested a rule of thumb according to which 
VIF i = r ii  > 5 indicates harmful 
multicollinearity, where r ii  is the (i, j)th element 
of the inverse ( XX  ) 1  in the standardized data. 
O’Brien specified that VIF indicates how much 
the estimated variance of the ith regression 
coefficient is increased above what it would be if 
R 2

i  equaled to zero, a situation in which the ith 
explanatory variable is orthogonal to the other 
explanatory variables in the analysis.5 It provides 
a reasonable and intuitive indication of the 
effects of multicollinearity on the variance of the 
ith regression coefficient. One reason for the 
popularity of VIF as a measure of collinearity is 
that it has a clear interpretation in terms of the 
effects of collinearity on the estimated variance 
of the ith regression coefficient : A VIF of 10 
indicates that (all other things being equal) the 
variance of the ith regression coefficient is 10 
times greater than it would have been if the ith 
explanatory variable        had    been   linearly   
independent  of the other  
explanatory variables in the analysis. Thus, it 
tells us how much the variance has been inflated 
by  this lack of independence. Farrar and Glauber  
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first suggested looking at the values of r ii  to 
diagnose multicollinearity. Theil showed in 1971 
as  
r ii  = 

22
ii x)R1(

1


                                    (2) 

where 2
ix  = ii xx   and R i

2 is the squared 

multiple correlation coefficient when x i  is 
regressed on the remaining (m - 1) explanatory 
variables. Determination of the severity and form 
of near exact linear dependencies is an obvious 
initial step before any remedial measures. 
Detection of multicollinearity must be applied in 
case of its presence in the data. The detection of 
multicollinearity is achievable here through 
examining VIF, tolerance, eigenvalues and the 
condition number as  

VIF i = 21
1

iR
= diag ( XX  ) 1                   (3) 

i = 1, 2, …, m 
 The value of VIF is unity when R i

2  = 0 and this 
situation variable X i  is not correlated to other 
explanatory variables. The value of VIF is 
greater than unity in common cases. To compute 
VIF at first calculate the variance of regression 
coefficients 

2
ˆ  = 2 XX ( ) 1 and then calculate 

variance based on standardized variables as  
2

ˆ 
 

= 2)(   r xx
1 , where   is a scalar and different 

from . The diagonal elements of the r xx
1  

matrix are the VIF and the value of VIF will be 
equal to (1 - R i

2 ) 1 . The largest value of VIF                              
(should not exceed 10) is an indicator of the 
multicollinearity. Gujarati4argued that VIF shows 
how the variance of an estimator is inflated by 
the presence of multicollinearity. As R i

2  
approaches unity, the VIF approaches infinity. 
That is, as the extent of collinearity increases, the 
variance of an estimator increases and in the limit 
it can become infinite. As can be willingly 
observed, if there is no collinearity between X i  
and X j , the VIF will be unity. Neter et al. 
established a maximum VIF value in excess of 
10 often taken as an indication that 
multicollinearity may be unduly influencing the 
LS estimates. Hair et al. proposed that a VIF of 
less than 10 are indicative of inconsequential 
collinearity. Marquardt utilized a VIF greater 

than 10 as a guideline for serious 
multicollinearity. Kennedy stated that for 
standardized data VIF i  > 10 indicates harmful 
collinearity.      
 Some authors have suggested a formal detection 
of tolerance, which is the reciprocal (or inverse) 
of VIF, for the presence of multicollinearity.   
Tolerance = 1 - R i

2  = 
VIF

1                          (4) 

where R 2
i  is the coefficient of determination of a 

regression of explanatory variable i on all the 
explanatory variables. When R i

2  = 1 (i.e., 
perfect collinearity), tolerance = 0 and when R i

2  
= 0 (i.e., no collinearity), tolerance = 1. This 
shows the intimate connection between VIF and 
tolerance. Menard asserted that a tolerance of 
less than 0.20 is cause for concern a tolerance of 
less than 0.10 almost certainly indicates a serious 
collinearity problem. Since VIF is the inverse (or 
reciprocal) of tolerance and vice-versa, a 
tolerance of 0.20 corresponds to the VIF of 5 and 
a tolerance of 0.10 to the VIF of 10. The closer is 
tolerance to zero, the greater the degree of 
collinearity of that variable with the other 
explanatory variables. Alternatively, the closer is 
tolerance to unity, the greater the evidence of no 
collinearity of that variable with the other 
explanatory variables.   
Multicollinearity is detected from computing 
eigenvalues and condition number (or condition 
index) also. The eigenvalues are extracted from 
given explanatory variables and they are 
variances of linear combinations of the 
explanatory variables. Now arrange these values 
in descending order of magnitude. If one or 
more, at the end are zero then the matrix is not of 
full rank.  
 A simple method for detecting multicollinearity 
is to calculate the correlation coefficients 
between any two of the explanatory variables. If 
these coefficients are above 0.80, then 
multicollinearity is serious problem.4 Let r ji is 
the sample correlation coefficient between X i  
and X j , then r ji is defined as :  
r ji = 
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R2 is the multiple correlation coefficient among 
dependent and explanatory variables, 
multicollinearity is said to be harmful if r ji ≥ 
R 2 . Pimputkar applied multiple linear regression 
model in their work observing high degree of 
multicollinearity among Fruit, soil and water but 
he never examined it.6     

MATERIAL AND METHODS 
Method of ridge regression  
The Ridge Estimator (RE) is different from OLS 
estimator in that here a small positive increment 
(called biasing parameter) is made to the 
diagonal element of the design matrix before 
inverting it. However, RE is biased and it has 
smaller MSE than OLS estimator.  
Hoerl and Kennard proposed a technique of RR 
in English, which became a popular tool with 
data analysis faced with a high degree of 
multicollinearity in their data. They have 
suggested adding a small positive quantity in the 
diagonal elements of the design matrix, XX   
before inverting it, i.e., they proposed R̂  = 
( XX   + k I) 1

YX   in lieu of ̂  = 
( XX  ) 1 YX   and 0 < k < 1. They showed that 

R̂ has smaller MSE than the OLS estimator, 
provided k is small enough and the standard  
regression  model  holds. The genesis  
of   RR   lies   with  a paper written by Hoerl in  
1959 in which he discussed optimization from 
the response surface point of view. The next step 
in   the   development   of   RR   was the paper by  

Draper in 1963, which provided the proofs 
lacking in Hoerl’s paper. However, Hoerl and 
Kennard developed a rigorous statistical basis for 
the application of RR to the problem of 
multicollinearity in multiple linear regression 
models.   
Singh1,3 advocated that Tychonoff in 1943 
proposed a regularization in Russian as x̂ = 
( AA +  ) 1 ̂A , which became popular as 
‘Tikhonov Regularization (TR)’ and it is the 
most common used in case of ill-posed problems 
and has been invented independently in many 
different contexts. It became popular with its 
application to integral equations from the work 
of A. N. Tikhonov and D. L. Phillips. That is 
why some of authors call it Tikhonov-Phillps 
Regularization. Hoerl expounded the finite 
dimensional case of TR only by a statistical 
approach and it is known as RR. M. Foster 
interpreted TR as a Wiener-Kolmogorov filter.  

RESULTS AND DISCUSSION 
Klein and Goldberger attempted to fit the 
following regression model in 1964 to the United 
States economy: 
Y i  =  0  + 1X i1  +  2 X i2 +  3 X i3  + U i  (6) 
where Y = consumption, X

1  = wage income, 
X 2 = non - wage, non frame income, X 3 = farm 
income. The data source is from paper by Klein 
and Goldberger in 1964 and they are presented 
below in Table 1. 

Table 1 : Data source 

Y X1  X 2  X 3  
62.8 43.41 17.10 3.96 
65.0 46.44 18.65 5.48 
63.9 44.35 17.09 4.37 
67.5 47.82 19.28 4.51 
71.3 51.02 23.24 4.88 
76.6 58.71 28.11 6.37 
86.3 87.69 30.29 8.96 
95.7 76.73 28.26 9.76 
98.3 75.91 27.91 9.31 
100.3 77.62 32.30 9.85 
103.2 78.02 31.39 7.21 
108.9 83.57 35.61 7.39 
108.5 90.59 37.58 7.98 
111.4 95.47 35.17 7.42 
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Fig 1 gives box-and-whisker plot which displays 
the mean, upper and lower quartiles and 
minimum and maximum observations for a 
group. Throughout this work, this type of plot, 
which can contain one or more box-and-whisker 
plots, is referred to as a boxplot. Tukey originally 
in 1977 introduced two variants skeletal boxplot, 
which contains exactly the same information as 
the five number summary and the schematic 
boxplot that may also flag some data as outliers 

based on a simple calculation. Dawson discussed 
that boxplot is common to consider as an 
informal test for the existence of outliers.7,8 While 
the procedure is useful, it should be used with 
caution, as at least 30% of samples from a 
normally-distributed population of any size will 
be flagged as containing an outlier, while for 
small samples (n < 10) even extreme outliers 
indicate little. Fig 1 speaks that no outlier is 
present in the given data. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig 1 : Boxplot 

From the matrix plot as given in Fig 2, it is 
clearly seen that all the variables are linearly 
dependent   to  each  other which gives an alert  
that multicollinearity is present in the data. It 
can also be seen from the matrix plot that the 
linear relationship between consumption and 
other variables are remarkably significantly, 
which meet the linear hypothesis of the 
multiple linear regression parameters, so the 
model is established as :  
Consumption = β

0
+ 

1
 wage income +  2

 
non-wage, non frame income + β 3 farm income 

+ U where β
0  is the intercept, U is the 

disturbance term and 
1
, 

2
and β

3
 are 

parameters to be estimated. 
It  is  also  supported  by the eigenvalues of the  

three explanatory variables which validates the 
presence of multicollinearity as accessible 
from Table 2.  
The VIF are giving an alert that 
multicollinearity is present in the data which 
are shown in Table 3 and thus we can 
conclude that :  
The VIF of X1  = 12.297 > 5 and tolerance = 
.081< 0.1 then there is multicollinearity 
problem at this variable.  
The VIF of X 2 = 9.231 > 5 and tolerance = 
.108< 0.1 then there is multicollinearity 
problem at this variable. 
The VIF of X 3  = 2.976 < 5 and tolerance = 
.399 > 0.1 then there is no multicollinearity 
problem at this variable. 

 

 
Boxplot of Y, X1, X2, X3 

D
at

a 



J. Environ. Res. Develop. 
Journal of Environmental Research And Development          Vol. 8 No. 3A, January-March 2014 

731 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig 2 : Matrix plot of Y, X1, X2, X3 

Table 2 :  Eigenvalues 

1   2   3  
0.046 0.020 0.003 

Table 3 : Collinearity diagnosis form base on the VIF coefficients 

Model 
Unstandardized 

coefficients 
Standardized 
coefficients T Sig. 

Collinearity 
statistics 

B Std. error Beta Tolerance VIF 
(Constant) 18.703 6.845  2.732 0.021   

X1  0.380 0.312 0.385 1.219 0.251 0.081 12.297 

X 2  1.418 0.720 0.539 1.969 0.077 0.108 9.231 

X 3  0.533 1.400 0.059 .381 0.711 0.336 2.976 

From Table 4, it is seen that R 2  is 0.919 and 
the adjusted R 2 is 0.894. This also speaks 
about     the   existence    of    multicollinearity. 
ANOVA is prepared in Table 5 which shows 
that multicollinearity is present in the         
data.    Therefore,    Fig 2,   Table 2 to Table 5  

indi cates the existence of multicollinearity in 
the given data. Thus its remedial measure 
needs to be applied to obtain the estimate of 
parameter vector. Fig 3 is the ridge trace map 
which shows that when k = 0.700, the ridge 
traces become smooth. 

Table 4 : Model summary 

Model R R square Adjusted R 
square 

Std. error of 
the estimate 

1 .959a .919 .894 6.05969 
a. Predictors : (Constant), X 3 , X 2 , X1  

 

 
Matrix plot of Y, X1, X2, X3
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Table 5 : ANOVA 

Model Sum of 
squares Df Mean 

square F Sig. 

       Regression 4151.165 3 1383.722 37.683 
(8.79) 

.000a 

Residual 367.199 10 36.720   
Total 4518.364 13    

a. Predictors: (Constant), X 3 , X 2 , X1          

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig 3 : Ridge trace 

Table 6 : Standardized ridge coefficients 

Lambda X1  X 2  X 3  
0.000 0.385 0.539 0.059 
0.050 0.388 0.490 0.088 
0.100 0.380 0.460 0.111 
0.150 0.371 0.437 0.127 
0.200 0.362 0.419 0.139 
0.250 0.353 0.403 0.149 
0.300 0.345 0.389 0.156 
0.350 0.337 0.377 0.161 
0.400 0.330 0.366 0.165 
0.450 0.324 0.357 0.168 
0.500 0.317 0.348 0.170 
0.550 0.311 0.339 0.172 
0.600 0.306 0.332 0.173 
0.650 0.300 0.324 0.174 
 0.700 0.295 0.318 0.174 
0.750 0.290 0.311 0.174 
0.800 0.285 0.305 0.174 
0.850 0.280 0.299 0.174 

Above Table 6 illustrates the various k values 
under the different ridge estimators, it can be 
seen  that regression coefficients is to be stable  

with the k ridge parameter incensement. When 
k = .700 is accepted the corresponding fitting 
equation is : 

 

 
Ridge regression parameters 

R
id

ge
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Ŷ = 0.295 X1  + 0.318 X 2  + 0.174 X 3          (7) 
The fitted model (7) does not have the 
intercept indicting that the fitted line will 
pass through origin. From the Table 7, it is 
seen that extent of multicollinearity is 
reduced after the application of RR which 
explains about the success of the RR 
technique. As we know that RR technique 
cannot remove fully the effect 
multicollinearity. 

Table 7 : Correlation coefficients 

 X 1  X 2  X 3  

X 1  1.000 0.141 -0.514 
X 2  0.141 1.000 -0.873 
X 3  -0.514 -0.873 1.000 

CONCLUSION 
Various methods are available in literatures for 
detection of multicollinearity such as 
examination of correlation matrix, Chi-Square 
test, looking pattern of eigenvalues, VIF and 
tolerance, condition numbers and others. The 
complete elimination of multicollonearity is 
not possible but degree of multicollinearity 
present in the data may be reduced. Several 
remedial measures can be applied to tackle the 
problem of multicollinearity. But here our 
study relates to RR only.   
In our study packages like MINITAB and 
SYSTAT are used for constructing the linear 
model between the dependent variable (Y = 
consumption) and the explanatory variables: (X1 
= wage income, X2 = non-wage, non frame 
income and X3 = farm income). In addition, a test 
is applied for the multicollinearity by extracting 
the VIF, tolerance, condition number and 
eigenvalue quantities. Therefore, a multicolline-
arity problem has been observed at our construc-
ted model.  The technique of RR is used to deal 
with the problem of multicollinearity at the 
constructed model. By using the SYSTAT 
package, all values of coefficients are estimated   
based    on  suitable values of k and estimate of 
the model has been discussed. Multicollinearity, 
if   present    among   the    explanatory variables,  

seriously affects the property of minimum 
variance of the OLS    estimates.  If the purpose 
is just of the forecasting or prediction, then 
the existence of multicollinearity does not 
harm any more but if the aim is to get the 
precise estimates, some alternative ways 
should be adopted. Of many solutions of the 
incidence of multicollinearity, the RR 
method is better due to its advantages. 
Detection of multicollinearity is half the 
battle. The other half is concern with how to 
get rid of the problem. Another there are no 
certain methods, only a few rules of thumb. 
Though multicollinearity has received wide-
ranging consideration in the literature, an 
equally important problem encounter in 
empirical research is that of 
micronumerosity, smallness of sample size.   
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