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ABSTRACT 

In the present study was attempted to solve the diffusion equation in 1D and 2D spaces using of 

smoothed particle hydrodynamic (SPH) method. For assuring the accuracy and veracity of the 

modeling results, the modeling output results were compared with the analytical solution to 

determine the accuracy of SPH method. The maximum difference between numerical simulation 

and analytical solution was less than 0.1%, respectively in 1D and 2D. Also pollution 

concentration was reported in specific point of environment. The results of the simulations 

showed that SPH method is able to model and predict the diffusion of pollutant in large-scale 

environment. Due to the Lagrangian and mesh-free particle method,  this model can be used to 

determine the duration of pollution reaches in a specific place of the environment and variation 

of pollutant concentration changes in this place.  

Key Words : Diffusion equation, Mesh-free particle method, Smooth particle 

hydrodynamic method, Lagrangian method 
 

INTRODUCTION 

Marine environment and coastal areas is 

seriously affected by the industrial factories 

near the coast and proximity to seaports and 

offshore marine installations.
1-5

 To manage 

crises such as leakage of oil from vessels, 

petrochemicals pipeline and the entrance of 

industrial wastewater into lakes, it is necessary 

to solve the diffusion equation of pollutants in 

the environment until to indicate the amount of 

pollutants at any time and place and finally, 

identify places that are more susceptible to 

damage.
6-10

 

The environmental studies generally is done in 

the rivers, lakes and oceans.
11

 Therefore we 

can use dynamic coefficient of diffusion, 

because there are turbulent flows within these 

environments and the amount of them are far  

greater than the molecular coefficient 

diffusion. For example, as reported by Fischer 

et al.
12

 the coefficient of diffusion for rivers 

study were about 10 m
2
/s to 1500 m

2
/s. As 

most of the pollutants in the water 

environments have a density close to the water, 

consequently modeling  was performed about 

those pollutants that their density are close to 

the water within the range of 0.9 – 1.1 gr/cm
3
 

as the density difference between pollutant and 

fluid has negligible for effect on pollutant 

diffusion. 

Except simple modes, it is impossible to solve 

the diffusion equation of pollutants together 

with continuity and momentum equations and 

there is no analytical solution for them in 

different boundary conditions. Therefore, 

approximate solutions of computational fluid 

dynamics (CFD) are used for solving these 

equations. As the motion of pollutant on the 

surface of water is typically done on free 

surface flow with large deformations and to 

study the diffusion behavior of pollutant, its 

track should be predicted and it is necessary to 

use numerical methods to solve the equations 

in Lagrangian’s description.
13

 

METHODOLOGY 

Smoothed particle hydrodynamic (SPH) 

method is numerical that studies fluid 

phenomena from Lagranian’s description and *Author for correspondence 
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able to model free surface flow with large 

deformations This method was first presented 

by Monaghan and Gingold
14-15

 to model 

astrophysical phenomena and later widely 

extended for applications to problems of 

continuum solid and fluid mechanics. In SPH 

method, domain is divided into a finite number 

of particles, which have no fixed connectivity 

with each other during simulations, and they 

can easily move in the whole domain of the 

problem. Each particle possesses a set of field 

variables such as mass, momentum, pollutant 

concentration, position etc, and other variables 

related to the specific problem. By recording 

the movement of these particles can be 

determined the track of the pollutant and 

specify the points which are more damaged 

due to the dispersion of pollution. 

Modeling the diffusion phenomenon with 

using of SPH method was first practiced in the 

studies of heat conduction by Cleary and 

Monaghan. Aristodemo et al. simulated 

advection and diffusion of pollutant by SPH 

method in 1D and 2D environments with 

molecular coefficient diffusion. The study has 

shown that SPH method has appropriate 

accuracy to solve the governing equation of 

pollutant diffusion. The environment that was 

studied by Aristodemo et al. was very small, 

while the water environment, which is studied 

in the environmental engineering field, is 

larger than it. In addition, the diffusion 

coefficient was considered by them that has 

molecular scale, whereas it is much larger than 

it naturally.
16

 

After the simulation and determine the 

accuracy and veracity of the modeling in large 

domain, we simulate the problems with one 

and two dimensions with use of SPH method. 

In order to specify the veracity and accuracy of 

modeling, the results of modeling are 

compared with the solutions of the analytical 

equations.  

RESULTS AND DISCUSSION 

Numerical modeling 

Governing equations 

Lagrangian governing equations for a two dimen 

-sional incompressible flow are expressed as : 

0.  v
Dt

D



   (Continuity Equation)      (1) 

F
xDt

Dv









 



1
                                (2) 

(Momentum Equation) 

Where, D/Dt, ρ, F and v are present the total 

time derivative, fluid density, body force and 

velocity of fluid along α and β respectively 
16,17

 

The Greek characters α and β are used to 

denote coordinate directions and   is the total 

stresses tensor. It is made up of two parts, one 

part of it is pressure stress and the other part is 

viscous stress.
17

 
   p                                 (3) 

The relation between shear stress and shear 

strain rate of the Newtonian fluid would be as 

follow 
                                    (4) 

Where, µ is the dynamic viscosity and ε
αβ 

is 

shear strain rate which obtained from the 

following relation 
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Where, v
α
and v

β
 are the velocities along the x 

and y directions and δ
αβ 

is a Dirac delta 

function.
18

  In SPH method, using of state 

equation for pressure is generally expressed as 

p = f(ρ, C).  This equation will artificially 

cover the incompressible fluid flow. However, 

the error arising from density calculation is 

overlooked as long as the density fluctuations 

around the reference density are negligible.  

Equation of state, which has been used by SPH 

method in the simulation, is Monaghan’s state 

equation, which is described as follows : 

                                 (6) 

Where ρ0 is the reference density and the value 

of γ= 7. The value of C should be large enough 

so that the behavior of the fluid follows the 

behavior of an incompressible fluid. Generally, 

the oscillation of density in incompressible 

fluid in numerical methods is allowed up to 

1%. In SPH method, it is recommended that 

the speed of sound be considered 10 times 

more than the maximum speed of the fluid for 

an incompressible flow.
19,20

 

SPH formulations 

In numerical methods, discretization is used to 

solve differential governing equations. In 
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mesh-less methods, discretization is performed 

on the points which had not been fixed 

connect. In these methods, first, the domain of 

solution is discretized by a finite number of 

point and the equations as discretized on these 

points. Interpolation method of SPH is an 

integral descriptive method with respect to the 

poor records of such kinds of these methods, 

they have gained a special position among the 

mesh-less methods. Variable fis shown in the 

integration form as : 

 


dhxWxfxf ijji ),(.)()(       (7)             

where, fis a function and i is the desired 

particle which the unknown variable is 

calculated, j are the particles which are placed 

inside the support domain (Ω) of particle i and 

h that is the smoothing length as defining the 

influence domain of weight function.
21
 is the 

differential element that is a differential length 

element in one-dimensional, differential area 

element in two-dimensional and a differential 

volume element in three-dimensional. W(xij, h) 

is called the weight function in SPH method. 

This function should be positive within support 

domain of the particle i. Moreover, support 

domain of this function should be limited and 

function value should be zero out of its 

domain. The Kernel function should be normal 

on its support domain. 

1),( 


dhxW ij                                 (8) 

Where, xij = xi xj. The cubic spline function 

that are used in this research as follows 
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The value of αd for one- and two-dimensional 

simulations are 1/h and 15/7πh
2
, respectively 

and R=|xi-xj|/h is the relative distance between 

the two particle of i and j.  Similarly, the 

spatial derivative )(. xf  will be as follows 

  dhxWxfxf ijji ),().()(     (10)                          

For the points inside the domain of solution 

(far from boundary) (Liu and Liu, 2003) 

  dhxWxfxf ijjji ),().()(     (11) 

In SPH method, continuous domain of solution 

is changed into discrete domain by finite 

particles, it is necessary for the obtained 

continuous integration to be changed into the 

discrete form. In SPH method, discretized 

expression of Eq.(7) and 11 will be as follows 
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Where,Wij=W(xij,h), 
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and rij is the distance between particle i and 

particle j.Regarding the discretization method 

offield variable f and its derivative has been 

obtained in SPH method; the governing 

equations can be discretized now. At first, the 

right side of the continuity equation is changed 

as follows
22
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With using of the SPH approximations, we 

will have 
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Where, vij is the velocity difference of particles 

i and j in each direction and Wij/xi
β
 is the 

derivative of the weight function in the desired 

direction.
23 

Discretization of momentum 

equation is performed as the method applied 

for the approximation of continuity equation. 

With using of SPH approximation, discretized 

form of the momentum equation will be as 

follows 
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The first expression on the right side of the 

Eq.(16) is due to pressure term and the second 

expression is related to the SPH approximation 

and it is due to viscose forces
24

 . 
 ij  

expression is changed as following, and based 

on its definition 
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Where,  αβ
 approximation for particle j is 

obtained similarly . 

Diffusion equation 

Diffusion phenomena of pollutant are 

described by Fick’s law. Fick extended the 

Fourier heat transfer equation with analysis of 

diffusion process. Classical diffusion equation 

will be as follow  

CD
dt

dC 2
                                              

(18) 

Where, D is the diffusion coefficient and C is 

the tracer concentration by Aristodemoet al.,  

In the left side of the diffusion equation, exit 

second order spatial derivative of 

concentration and for solve it, we use two step 

discretization. In the first step, first order 

derivative was approximated by SPH method. 

ijiij
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j j
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(19) 

And in next step, for achieve the second order 

derivative of concentration, we derived the 

Eq.(19) will be as follow 
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(20) 

Simulation of pollutant diffusion  

One-dimensional diffusion modeling 

An environment with the length of 1000 m and 

pollutant contents of 20 kg that is placed in the 

center of the domain was considered to model 

the diffusion of pollutant in one-dimensional 

mode (Fig. 1(a)). The pollutant diffusion in the 

environment was determinded as Eq.(21). 
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                 (21) 

Where, mp (kg) is total mass of the pollutant, D 

(m
2
/s) is the coefficient of diffusion, t (s) is the 

time and x (m) is the distance from the center 

of pollutant.
25

t0 is the number which prevents 

Eq.(21) from being infinite. Therefore, it was 

assumed that in the modeling, the amount of 

t0=1/π sand mp=20 kg. In order to conform the 

modeling to reality, it was assumed that the 

coefficient of diffusion is D=1 m
2
/s. Fig. 1(b) 

shows the diffusion of pollutant at initial state 

and at the distance of 490 m to 510 m from the 

origin of the environment that x(m)is the 

distance to the origin of the environment and 

c(kg/m
3
)is the concentration of the pollutant. 

At first, it is necessary to determine 

appropriate number of particle for simulation. 

Therefore, simulation was performed by 1000, 

1200, 1500, 2000 and 3000 particles and 

concentration change was reported in particle 

with x=500 m. Fig. 2 shows concentration 

change in target particle and for 2000 particles 

and more than that, simulation results have 

negligible change. Therefore the environment 

is discretized to 2000 particles and as a result 

of the discretization, the distance of particles 

from each other would be obtained as Δx=0.5 

mand their mass would be mparticle=250 kg. Due 

to the stagnation of the environment, the initial 

velocity of the particles was considered as 

zero. 

 
x(m) 

c(
k

g
/m

3
) 

 
L=1000(m) 

C
 (

k
g

/m
3
) 

 

(b) (a) 

Fig. 1 : a)Dimension and pollutant distribution in water environment, b) Concentration of the 

pollutant at the distances of x=490 m to x=510 m from the origin of environment 
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Fig. 2 : Concentration of pollutant change in particle with x=500 m in simulation and with 

different number of particle. For 2000 particles and more, results have negligible change

Fig. 3 shows the results of pollutant diffusion 

modeling in the environment with the 

analytical solution [Eq.(21)] at different times. 

As the Figure shows, the modeling results 

close to the analytical solution by lapse and 

almost 100 s after the modeling, the result of 

numerical solution shows negligible difference 

to the analytical relation. Since in reality and 

when the pollution is diffuse in an environment 

with the length of 1000 m it takes time to take 

measures for collection pollution and manage 

it, authenticity of modeling in a long time is 

great importance. As the modeling results 

show (Fig. 3), the accuracy of modeling has 

been increased with lapse and diffusion of 

pollution in an environment has been predicted 

well. Also in simulation was assumed the 

pollutant diffuse far from the boundary. In this 

case, water does not move and pollutant 

diffuse only under the effect of pollutant 

concentration difference in environment. After 

solve the hydrodynamic equation with SPH 

method, the velocity vector for all particles 

was zero which coincide to real condition. 

With the diffusion of pollutant in rivers, tourist 

locations, habitants and industries established in 

the vicinity of them are also affected. Therefore, 

it is necessary to take appropriate measures to 

control the diffusion of pollutant in such 

environments in order to minimize damages 

caused by that. Consequently, it is essential to 

consider the accuracy of modeling at the time of 

that the pollutant arrives and study it changes at a 

certain point. Fig. 4 compares the results of 

modeling that obtained from the changes of 

pollutant concentration at points x=300 mand 

x=400 m from the origin of the environment. Fig. 

4 shows, at the point of x=400 mafter 450 s 

atstart of modeling, the concentration of pollutant 

was zero and after that moment, it increased to 

about 0.5 kg/m
3
and then decreased while at the 

point x=300 m after 1500 s start of the modeling, 

the concentration of pollutant was still zero and 

after that, it increased and reached approximately 

0.02 kg/m
3
.In Fig. 5, an RMS function logarithm  

change shows the concentration of pollutant 

against time. Almost 10
4 

s after the start of 

modeling, pollutant concentration changes 

reaches less than 10
-6 

kg/m
3
 and it indicates that 

after 10
4 

s, the modeling has reached the steady 

state and the pollutant concentration has been 

constant in the whole environment. 
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g
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3
) 
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Fig. 3 : Change concentration of pollutant in an environment at different times 

 

Fig. 4 : Changes concentration of pollutant at the particles with x=300 m and x=400 m at         

start of modeling 

. 

Fig. 5 : Chart of RMS function logarithm of pollutant changes against time 

 

Two-dimensional diffusion modeling 

A two-dimensional environment with           

the   length  of L=40 m and width of B=40 m is  

assumed that the pollutant is located in its 

center. Diffusion of the pollutant in the 

environment is according to Eq.(22). 
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Where, x(m) and y(m) are the distances to the 

origin of the environment, xc=20 m and yc=20 

m are the coordination of center of pollutant, 

Dx=1 m
2
/sand Dy=1 m

2
/s are the diffusion 

coefficient along xand y, respectivelyand 

mp=31.42 kg is the total mass of the pollutant 

within the environment.
26

Eq.(22) shows the 

diffusion of pollutant at different times. To 

determine the diffusion of pollutant at the 

initial moment t=0 and in order to prevent 

Eq.(22) from being infinite, t0 is considered to 

be equalto 2.5 s. Fig. 6 shows the diffusion of 

pollutant in the environment that x and yaxes 

represent the length and width of the 

environment and the perpendicular axis 

represents the pollutant concentration. It’s 

necessary to determine the appropriate number  

of particle for simulation. So diffusion of 

pollution in 2D environment was simulated by 

different number of particle. In simulation, 

report concentration change of pollutant in 

particle which is placed at x=18 m and y=18 m 

in initial time. As seen in Fig. 7, Simulation 

result for 2500, 4900 and 8100 particle has 

negligible change and consequently 2500 

particle is appropriate for simulation. 

To make a model for the diffusion of 

pollutants with using of SPH, the environment 

is discretized to 2500 particles. As a result of 

the discretization, the distance of particles in 

both x and y directions is 0.8 m. In the 

diffusion modeling, it was assumed that the 

water environment is stagnant and the 

pollutant is diffused only due to diffusion term 

in the advection and diffusion equations. 

Therefore, at the initial time, the velocity of all 

particles was considered zero. 

 

Fig. 6 : Distribution of pollutant concentration in environment at t=0. 

 

Fig. 7 : Concentration of pollutant change in diffusion simulation with 900, 2500, 4900 and 8100 

particles. For 2500 particles and more than that, simulation results have negligible variation 
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Results of modeling and comparing them with 

the analytical solution of diffusion equation 

[Eq.(22)] are shown in Fig. 8. The Figure 

shows changes of pollutant concentration in 

particles which are located on the central line 

of the environment and their width from the 

origin is y=20 m. As the Figure shows, 

comparing the results obtained from SPH 

method and analytical solution indicates that 

SPH method can appropriately predict how 

pollutant diffuses in environment. Modeling 

results also show that almost 50 s after the 

diffusion of pollutant, its concentration on the 

center has changed from 10 kg/m
3
 to 0.5 kg/m

3
 

and the radius of pollutant has expanded to 40 

m. Water is dwell and pollution placed far 

from the boundary, consequently by solve 

hydrodynamics equation of environment with 

SPH method, velocity vector for all particles 

was zero and environment remains stationary 

which coincide to real condition. In Fig. 8, 

pollution distribution show and observe 

pollution does no move. Fig. 9 illustrates 

pollution distribution in various times.   

 

Fig. 8 : Change of pollutant conc. against time on  central line of environment with y=20 m 

 

 

(b) (a) 

 

 

(d) (c) 

Fig. 9 : Pollution distribution after a) 2.5 s, b) 5 s, c) 7.5 s, d) 10 s of the simulation 
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In most cases, there are places on water 
environments, which are of crucial importance 
in terms of environment and economy, such as 
wetlands, places of tourism, and economic 
centers. If pollutants infiltration those areas, the 
economy and environment of the regions should 
suffer a lot of damages. Consequently, it can be 
specified during modeling whether the pollutant 
particles enter the regions and in this case they 
do and how the pollutant concentration changes 
in those regions. Fig. 10 shows changes of 
pollutant concentration in two particles at the 
initial time are located at the points x=37.4 m, 
y=20 m and x=36.2 m, y=20 m, respectively 

together with analytical solution. As the Figure 
shows, SPH method has predicted the changes 
of pollutants at the specific particles. The 
modeling results show that pollution of the 
particle which is located at x=36.2 m,y=20 m at 
the beginning of modeling will increase during 
1.6 s after the diffusion of pollution and it will 
reach 2.53 kg/m

3
and after that the pollutant 

concentrations will decrease. However, the 
particle which is located at the point x=37.4 m, 
y=20 mat the beginning of modeling 
experiences a decreasing change in pollutant 
contents within 130 seconds and the contents 
reaches 0.1 kg/m

3
. 

 

 

Fig. 10 : Change of pollutant concentration at points x=37.4 m, y=20 mandx=36.2 m,             

y=20 m from the origin against time 

 

Fig. 11 : Graph of RMS function logarithm against time for diffusion of pollution 
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Fig. 11 shows RMS function logarithm of 

pollutant concentration changes. As the Figure 

shows, 200 s after the start of modeling, 

changes in the pollutant concentration reach 

less than 10
-4.5

 kg/m
3
which is too negligible 

and indicates the stability of modeling.
27-32

 

CONCLUSION 

In the modeling performed at one- and two-

dimensional spaces, it was shown that SPH 

method has appropriate accuracy in predicting 

the path and concentration of pollutant in water 

environments. At the early moments of 

modeling, due to high gradient of pollutant 

concentration, modeling errors are more and 

the results of modeling become closer to the 

exact solution over time and the errors 

decreases. In one-dimensional mode, after 100 

s, and in two-dimensional mode, after 10 s, the 

SPH modeling results become much closer to 

the analytical solution and the error becomes 

negligible. With respect to the results shown in 

Fig. 3 and Fig.8 , it is determined that SPH 

method predicts diffusion of pollutant and its 

concentration in water environment for a long 

time with appropriate accuracy. In addition, 

some modeling has been performed on large 

scales and dynamic diffusion coefficient has 

been used in studying diffusion of pollutant 

which is by far larger than the molecular 

diffusion coefficient. It was chosen because 

some materials are diffused in nature and large 

water environments which have high diffusion 

coefficient, such as diffusion of oil substances 

on water surface and/or industrial and urban 

sewage in water environments. Accuracy of 

the performed modeling on large scales shows 

that SPH method can be used on real scale. 

With using of this technique, we are able to 

examine changes of pollutant in a certain 

volume of fluid. Comparing the results of 

outputs with the analytical solution in Fig. 4 

and Fig. 10 , it was determined that SPH 

method has an appropriate accuracy in 

calculations which are related to changes in 

pollutant concentration in a certain volume of 

environment.  
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